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SYNOPSIS 


Thesis Entitled, ’Conformal Invariant Finite 
Quantum Electrodynamics' , submitted by 
KADHEY SHY AM in Partial Fulfilment of the 
Requirements of the Ph.D. Degree to the 
Department of Physics, Indian Institute of 
Technology, Kanpur, January 1977. 

We modify Dirac -Maxwell Lagrangian for electromagnetic 
interaction by introducing exponential coupling of a mass- 
less scalar field (which is essentially scalar gravity) in a 
conformally invariant manner. Using non -polynomial Lagran- 
gian techniques, we show that the usual ultraviolet diver- 
gences are absent from the theory; the inverse of the minor 
coupling constant provides the cut off. The method can be 
extended to other field theories; however we have carried 
out this program in some detail for quantum electrodynamics 

only. 

The thesis is divided into nine sections. The first 
section is an introduction. In Section II, we present 
the formalism of conformal invariant quantum electrodynamics 
intp- a self contained manner. We set up a conformal 
invariant Lagrangian by using conformal covariant deriva- 
tives in the usual Poincare invariant Lagrangian and 
multiply the electron mass term by exp (-fcr(x)) where c(x) 
is the massless scalar field. Then we apply a field 





transformation to remove the exponential factor from the 
mass term; it then appears in the kinetic energy and 
interaction terms. We use the modified electromagnetic 
interaction for our further calculations. 

In Section III we calculate the self energy of 
electron due to the modified electromagnetic interaction 
and identify the electron wave-function renormalization 
constant and the traditional finite part left after the 
renormalization. The self mass and the renormalization 
constant dc^not have ultraviolet divergences to zeroth 
order in f; the traditional finite part is same as in 
conventional quantum electrodynamics. 

In Section IV, we present the calculation of 
photon self energy end identify photon wave function renor- 
malization constant which is now finite and the traditional 
finite part of the polarization tensor left after the renor- 
malization which agree with the conventional quantum electro 
dynamics (to zeroth order in f). The calculation with 
modified electromagnetic interaction alone is not gauge 
invariant. The gauge invariance is restored hy replacing 

the formal current operator by strictly gauge invariant 

A 

current operator (as suggested by Schwinger) and including 
the effects of modified kinetic energy terms.' 



In Section V the vertex part has heen considered. 

The Ward identity upto zeroth order in f has heen verified 
and the vertex renormalization constant and ^conventional 
finite part left after renormalization has been identified. 

In Section VI, we present a simple proof of finite- 
ness of tho theory to all orders. 

In Section VII, we calculate gravitational self 
energy of the electron due to interaction of the electron 
with scalar gravity only. In lowest order the gravitational 
self energy of the electron is finite and is of the form 
m^f 2 in (mf). 

In Section VIII, we set up a conformal invariant 
lagrangian for the interaction of charged and neutral 
pions with the electromagnetic field and scalar gravity 
and calculate k + -tc° mass difference. The value obtained 
is somewhat higher than the experimental value. 

The last section is concerned with some concluding 


remarks. 



I. INTRODUCTION 


Ultraviolet infinities made their appearance in 
particle physics some seventy five years ago. The first 
infinity arose in Lorentz' s calculation of electron, 
self-mass (6m) in classical electrodynamics. He obtained 
dm = e 2 /'R which is linearly divergent as P.—> 0 for a point 
electron. The divergence difficulty persisted even in 
quantum electrodynamics. The first calculation of 6m by 
Waller"*", using Dirac's single particle electron equation 
produced a quadratically divergent expression. Using 

r\ 

positron theory Weisskopf was able to show that the 
severity of divergence could be reduced to logarithmic. 
Nevertheless, the divergence problem persisted. He obtained 


6m 

m 


6a 
4 it 


lim 
R— * 0 


log (g-j) + finite term 


Weisskopf also proved the important result that in the 
n-th order, ~ may diverge as fast as a n log * n 

view of this result, he ascribed a 'critical length to 
positron theory 


R 

critical 



exp ( -l/a) ^ 



This would be the length where the theory may be expected 
to need fundamental modification, whether realistic or 
mathematical. Using Feynman's techniques Dyson 5 confirmed 
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Weisskopf ' a result and in addition showed that there 

is one more infinity, viz. self ctsr^c 5c. atleast in 
perturbation solution, in addition to the self mass 6m. 
Renormalization program circumvented the infinities but 
it was not a final cure. One problem that theoreticians 
could not understand was, whether infinities are due to 
the perturbation expansion around the point e =0, or ir 
they are intrinsic to the theory. Recent work of Jaffe 
and Grlimm^ shows that logarithmic ultraviolet infinities 
persist even in non-perturbative solutions of certain 
field theories in two and three space dimensions with 
polynomial interactions. From this it appears that 
infinities are intrinsic to the theory and therefore 
one should try to modify Dirac Lagrangian for electro- 
dynamics . 

The natural question then is, what kind of modifi- 
cation one should have? The work on non- polynomial 

5 

lagrangians which .have remarkable convergence properties 

suggests that one should have non-polynomial modification 

of the interaction. An ad-hoc modification by nonpolyno- 

mial interaction has been considered by Budini and 
6 

Calucci . Obviously, one would like to have a natural 

modification based on some general principle. Row, it has 

7 

been conjectured that the nonpolynomial coupling 



of gravitational field wi+h matter may provide a natural 
damping of ultraviolet infinities. T^ie conjecture was 

Q 

recently revived by De lb our go , Salaiu and Strathdee . In 
a subsequent paper Isham, Sal am and Strathdee” show that 
gravity modified ouantum electrodynamics has a. natural 
ultraviolet cut off provided by the gravitational coupling 
constant. 

However, nonpolynomial theories have their own 

problems. In particular, they suffer from Borel ambiguities 

and distribution theoretic ambiguities' 1 '^. Lehmann and 

Pohlmeyer 1 ' 1 have shown that the distribution theoretic 

ambiguities may be removed for localizable lagrangians by 

employing physical criteria- .on large momentum behaviour 

of the superpropagators . Furthermore, these localizable 

Lagrangians are free of Borel ambiguities and possess the 

desirable features of good field theories"^ Therefore, 

one should work with localizable Lagrangians as done by 

1 2 

I sham, Salam and Strathdeo , by adop'ing exponential 
parame trization of the viorbein field. Although in 

principle it is, possible to remove ultraviolet divergences 

tjY & 

by coupling’ with matter, the practical calculations in this 

A 

scheme are very complicated. Also, one cannot claim to 
have obtained a finite theory as one does not know how to 
take care of additional by self- 

couplings of gravity. 
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n rz 

In this work J , we propose a modification of quantum 
electrodynamics which circumvents the above difficulties of 
tensor gravity. The modification consists in introducing a 
scalar field having conformal invariant interaction with 
the electromagnetic and the matter field, the conformal 
symmetry being realized nonlinearly through an exponential 
interaction. This scalar field essentially corresponds to 
scalar gravity 1 ! 

The conformal symmetry is known since 1910 when 

Cunningham 1 ' 3 and Bateman 1 ^ observed that Maxwell's equations 

i 

are covariant not only under Lorentz group but also under 

17 

the larger group i.e., the conformal group. In 1936 Page 

developed a new special relativity recognized to be based on 

conformal group. This implied that not only all coordinate 

systems with constant relative velocity are equivalent, 

but in fact all those with constant relative acceleration 

18 

are also equivalent. In the same year, Dirac showed the 

equivalence of conformal transformations to pseudo-orthogonal 

transformation in six dimensional space. Taking special 

conformal transformations as coordinate transformations to 

19 

uniformly accelerated frame. Pulton, Rohrlich and Witten 

20 

have studied its physical consequence. Castell has consi- 
dered analysis of space-time structure in elementary particle 

21 

physics, Kastrup has studied the role of conformal 
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invariance in quantum mechanics and -has connected it with 

22 

indefinite metric in Hilbert space. '-'ess has studied 

23 

conformal invariance in quantum field theory . Many authors 
have constructed the representations of the conformal group. 

Also Mack and Salam 2 ^ have constructed finite component field 
representations , 

Sal am and Strsthdee 25 ’ 26 considered the possibility 

of spontaneously broken conformal symmetry, and thus constructed 

conformal invariant - .Lagrsngians with non-linear realizations 

of conformal symmetry. In their program, two fields, e 

* 

vector field for covariant derivative and a scalar field for 
making the Lagrangian invariant, were introduced. However 
Ellis has pointed out that only the scalar field is 
sufficient. 

Here, in .Section 2, we use the approach of Salam and 
Strathdee and Ellis to write the conformal invariant Lagran- 
gian for quantum elec trodynamics. In Section 3, the calcula- 
tion of the photon contribution to the self-mass of electron 
is presented and the wave-function renormalization constant 
obtained. The traditionally finite part is also .presented, 

A 

In Section 4, the calculation of self energy of the photon 
is prese hied , A naive calculation leads to anon gauge 
invariant result. But by a more careful definition of the 
electromagnetic current through a limiting procedure, and 
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the inclusion of the ! kinetic-energy modification term** the 
gauge invariance is restored to order f ° - T ’There f is the 
minor coupling constant. In Section the vertex part 
has been treated. In Section 6, the proof of finiteness of the 
theory to all orders is presented. In Section 7, the contri- 
bution of Scalar gravity to the self energy of electron has 
been calculated. 

As a practical application of the above considerations, 
we calculate it + ~-n; 0 mass difference in Section 8. We conclude 
in Section 9 with some remarks. 



II. COFFOEMAL INVABIANT QUANTUM EUBCTJBQMNAI'HCS 


The conformal group of space time consists of the 
following transformations: 

(l) Inhomogeneous Lorentz transformations: 


x^-> x'^ = AjJ a 11 ( 2.1) 

where, f\ a = «p 0 (2 ‘ 2) 

with Sqo = + 1 and §ii = -1 (2.3) 

(2) Dilatations: 

x^~> x'l 1 = e^ 1 / , X real (2.4) 

(3) Special conformal transformations: 

xt 1 -> x't 1 = ■ £ -- (2.5) 

1+2 (3.x + (3 x 


By a direct calculation, one can show that, for special 
conformal transformations, 


^ x 1 ^ hx ,y _ a f 

bx p bx a (l+2p.z + |3 2 x 2 ) 2 

Taking the determinant of both sides of (2,6), we get, 



1 

( 1+2 /3.x + p 2 x 2 ) 4 


(2.7) 
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using this relation in equation (2.6) we get for special 
conformal transformations, 


dx't* ox* y 
bxP ^x 0 



bx 1 ) ^ 


o 


( 2 . 8 ) 


It is easy to see that the relation (2.8) is also 
true for dilatations and is clearly true for inhomogeneous 
lorentz transformations. Thus it is true for the entire 
conformal group. 


If we define 

/\V X) ' = 


the 

det 


matrix ^ (x) by, 

bx 1 j -1/4 hx' M’ 
x \ ^ x 


(2.9) 


./\y is a lorentz matrix obeying the relation (2.2), Under 
any general transformation, dx^ transforms as 

dx^ dx'l 1 = dx 2 ' (2.10) 

b x v 

For conformal transformations, using relations (2.S) we get 
the transformation for coordinate differential as follows; 


dx^ 


dx'^ 


det 


< !) x’ 

£ x i 


Ai dx ^ 


( 2 . 11 ) 


The line-element ds defined by 


ds 2 = g^ v dx^ dx y 
transforms under the conformal group 


( 2 . 12 ) 



9 


ds 2 -> ds’ 2 = det —-I 1 ' 2 ds 2 (2.13) 

! 

The line element as 2 is not invariant under conformal 
transformations; only ds 2 = 0 is left invsri&nt. It is 
possible to define an invariant length ds 2 as follows, 

ds 2 = a (x) dx^ dx^ (2.14) 

where J\ ( x) is a function of x. If one requires the 
invariance of this, -A(x) should transform as, 

A(x)-4 X (x' ) = |det 1 A (x) (2.13) 

If we parametrize y\(x) in terms of a field cr(x) as, 

XM = e' 2f ^ (x ^ (2.16) 


(where f is a coupling constant called minor coupling cons- 
tant) , we obtain, 


ds 2 = g dx^ dx v (2.17) 

where = g^, e -2fa ^ x ^ (2.18) 

using Eq. (2.15), we see that, 

e fa' (x 1 ) = e fa(x) (2.19) 

and a' (x* ) = cr(x) -t ^ log det 1— j (2.20) 
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Now we construct the representations of the conformal 
group. A convenient method of constructing- representation 
of the conformal group from those of the inhomogeneous 
lorentz group is based on the fact that A ^ (x) defined by 
Bq. (2.9) is a lorentz matrix. Then, given a set of fields 
j^ a (x) which transforms under inhomogeneous lorentz transfor- 
mations as , 


^'n') = d(a)'/>(x) 


then the transformation. 


fW) 


det 


~ b x 


A//4 


D(A(x)) (2.21) 


provides a representation of the conformal group, where 
is the scale dimension of the field ^ . Now, 


d A’ (x* ) __ ojA 


71 


3 x' 
^ 1 1. 


I 0 ;C 


D(A(x)) 


,x + f Sup - 13 vp) 

0 


X ^ (log | det *|~-|) ] 


( 2 . 22 ) 


In Eq. (2.22) are matrices representing lorentz generators 
in the representation of the field ^ for spin 1/2 and spin 1 
fields, S^-j, have the following form: 



11 


Spin 1/2 : = -f [v^, y v ] (2.23a) 

Spin 1 ; S W = g^g av - gW i V (2.23b) 

Thus c)^^(x) does not transform covariantly. Now we can 
construct covariant derivatives using field a(x) introduced 
in the beginning. The covariant derivative is given by, 

A vt = V - 1 V ) (2 ' 24) 


Under conformal group covariant derivative A,,/* transforms as 


V ),(x ') - 


->i 


{lo- 1)/4 v 

A jj, ( x ) D(A(x)) 


* ^(x) 


(2. 25) 


Proof of Eqs. (2.22) and (2.25) is presented in the Appendix A. 


To ensure the invariance of action one should have 
the Lagrangian density transforming a~s 


L(x) -> // (x r ) 



four divergence] 


( 2 . 26 ) 


To make the Lagrangian conformal invariant, we replace 
ordinary derivatives by covariant derivatives and multiply 
the terms of Lagrangian by suitable powers of exp (fcr(x)). 
To this Lagrangian, we should add the kinetic energy term 


for the cr-field. 
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The 



field transforms as; 


e -fa' (x» ) 


dot 


:-!/4 _xa(n) 


T;he co variant derivative of e ^ vanishes identically. 

Therefore we employ for the o-part of the Lagrangian, 



_1_ 

2 


C)^ ae 


-2fa 



transforms 


as, 



X | b|j, ^4f lo S 



(2.27) 


(2.28) 


and is seen to transform as a scalar density with scale 
dimension -4, up to a four divergence. 


We are now in a position to construct the conformal 
invariant lagrangian for quantum electrodynamics. One can 
easily seethat, for the photon field 

k v ~ ^v A \x = ~ A p s 

Next, we define a derivative of the Dirac field y 
which is co variant under gauge transformations as well as 
under conformal transformation, i.e. 

\f = + ie A^)P + f (3/2 + iS^) f a - f 

( 2 . 30 ) 



13 


Then, the conformal invariant lagrangian for quantum 
electrodynamics 'of Spin - 1/2 particles is: 

“ -fa 


= \ yt- y4 t 


j _ y + x 

4 (i*/ 2 


e 


-2fa 


(2.31) 


To remove the exponential factor from the mass term in 
Eq. (2.31), we perform the transformation, 


TF 


Ip- (x) = t^e~ T 


fa 


Then, 


L- 


+ i + /’ 

o Lem 


( 2 . 32 ) 


(2.33) 


wheye, 


L= 4- [ f ^ * /t 5 - L’f Y^’ ] - »« - J *' lV 


V- ■ 


) 

Lem 




-e \|/ Y^^jj A^ e 


fa 


J « / * , t ' 

j. — L-i + i_o 


(2.34a) 

(2.34b) 


Li = (' fo -D 




and , 


L; 


1 VV (e- 2fo - 1) 


(2.34d) 
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The normal ordering in Eqs.’ (2.34) is understood. 

It is easy to see that the field equation satisfied hy 
o-field is; 

□ ( e “ 2fcr ( x )) = -2f 2 6^ (2.35) 

4 

where, 6^ = | [ipy^ iyp - D . y p ' ijr] e fa ' X ' ) 

e" 2fcr(x) (2.36) 

is the trace of the energy -momentum tensor. Thus the field 
o(x) is essentially scalar gravity. 

Next, we relate the minor coupling constant f to the 
gravitational constant G. 

Under weak field approximation, we have, 

e -2fo(x) = 1 _ 2fcr ( x ) (2.37) 

Now, in non-relativistic approximation, 

e ii = 6 ie» 0 > e o = P (2.38) 

Now taking weak and static-field approximation for the left 
side of the equation (2.35) and non-relativistic approximation 
for the right side of equation, we get, 



Now, 


1- 2fa(x) 


1+2$ (2.40) 
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23 

where 0 is the gravitational potential. Prom equation 
( 2.40) , 


o(x) = - ~y 0 


(2.41) 


Now 0 satisfies the equation. 

y 2 0 = 4 it op 


( 2.42) 


Therefore, from (2.39), )(2.4l) and (2.42), we get, 
f 2 = 4%G 

The numerical value of f is, 

f & | x 10~ 18 (GoV)” 1 


(2.43) 


(2.44) 



III. ELECTRON SBLF-EHERGY 

In this section, we calculate che lowest order self- 
energy of electron using |__ erri . The Feynman diagram contri- 
buting to the self-energy is given in Fig. 1. The matrix 



1 Electron line 

^wvy<yx.^./v-\. Photon line 
- - _ . . — Superpropagator 


Fig. Is Electron Self Energy. 


element for this process is given hy 


D (p) = ie 2 jd 4 x y^ S^(x) y a D^.(x) e 


f 2 Bp ( x ) 


5 ipx 


(3.1) 


where the convention for Dirac matrices is that of Bjorken- 
Drell and 




■i- fa 4 q na±i__ fid.x 


a f vx q ^ P 

(2 %y J q -m +i a. 


V x) 


(at)' 


d 4 k „ik.x 

p e 

k +i€ 


2 2 

4x x . ~ie 


(3.2) 
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Now, 


D. J x ) e 
-F 


f %U> _ £ i'll L I f (x )]“ +1 


n=0 


n! 


_1 

2m i 


r J 


dz i'(-z) (-f 2 ) z [D,(x)] 


z+1 


(3.3) 

where c is a contour enclosing positive real axis and running 
in the clockwise direction. The contour c can be deformed 
to a contour parallel to the imaginary axis and 
-l^Rez ^ 0 on the contour c^ . The extra contribution 

coming from a circular arc of infinite radius can be seen to 
be zero. Thus we get for the above expression, 


kjj,( x)e 


f D f (x) a+ieo 


a-ico 


dz P(-z) (-f 2 ) z [lUx)] z+1 (3.4) 


ui^ere —1 <i o . 

Now, using Gelf and -Shilov formula' 


3o 


sf(x) 


4 


( 2%; 


d^k (4m) 2 2a 


(-k 2 ) z ~ 2 e lkx 


(3.5) 

and performing the x-integration and one momentum integration, 
we obtain, 


2 (p) = 2^1 dz r(-z)2(p, z) 


(S.6) (3.6) 


where, £(p> z ) = F(a) J 7—4 Y (_k 2 ) z 1 ( 3 . 7 ) 

J f ?ir^ ( p-k) -hu ^ 
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and 


F(z) = ie 2 (-f 2 ) 3 (4 tc) 4-1 .^~ 2 ^ 


(3.8) 


Now, by Lorentz invariance, 

Z(Pj z) = ^A(p 2 ,z) + La B(p 2 ,z) 


(3.9) 


whs re 


A(p 2 z) 


1 

4p‘ 


Tr (j>2p,z)) 


and 


^(p 2 »z) = ~ Tr (2 (P» z ) ) 


( 3 . 10 ) 


(3.11) 


From Eqs. (3.10) and (3.11) we get : 


B(p 2 ,z) = 4F(z) I (p 2 , m 2 , z ) 


2 2 

where, I(p ,m , z) 


f d 4 k (-k 2 ) 2 " 1 


J (2tc) 4 ( p-k) 2 -m 2 


and , 


a(p 2 ,z) - 2U 

p 2 (2ir) 4 ( p-k 2 )-ni 


(3.12) 

(3.13) 


(-k 2 ) 2 1 (3.14) 


In nqs.(3.13) and (3.14), we take p to be space-like. For 
time like p, an analytic continuation can be performed. The 
integral l(p 2 ,m 2 ,z) has- been calculated in Ref. (12); however, as 
there is a small error in that calculation, we give a calculation 
of the integral "below. 

Using a -par a me trie representation. 

00 

1 


( p _ k ) 2 _ m 2 


f exp [a((p-k) 2 -m 2 }] (3.15) 

o v 
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and , 


(-k) 


z-l 


r(i-z) 


oo 

S- r 

j e aki 

o 


(3.16) 


W e get 


r T> 


I ( p 2 , m 2 , 2 ) 


1 

r ( 1-zJ 


d“k 




( 2n) O 


aa^ dag 


exp [a \ (p-k) 2 -m 2 j-P ctgk ] a^ (3.17) 


1 L 


where 


d 4 k = d 3 k dk 


id^k dk, = i(d 4 k) 


Eucl. 


k 2 = ■— k 2 + k ^ 2 = - |kj - Jt 4 = ~ - Eucl. 


\~£\2 k 2 
" K 4 


Shifting the origin of integration variables in (3.17), 

1 f dH 


I(p 2 ,m 2 ,z) = 


r ( l— z ) J ( 2%) o 


da 1 dag 


a i a 2 2 


exp [(o^+ag)^] exp [+ P -«!“ J a 2 

(3.18) 


-z 


whe re , 


ft. 


a. 


a l +a 2 ^ 


(3.19) 


V P 

Integrating over (L , using tne formula, 

2 , 


r d 4 t (“i +a 2 ) ^ 

^w 3 


l6ic 2 (a 1 +a 2 ) 


(3.20) 
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We get, 


/■\ Q 

I(p^',m , z) 


CO oo 


j j 


da. 


16-jt P(l-z) o o (a-, + a; ) 


x exp [■ 


r/ 

•'1 2 
a l +a 2 


- anm/j 


( 3 . 21 ) 


To evaluate (3.21), we introduce the change of 


variables, = rt, 

ag = r(l - t) to 

obtain: 


I(p 2 ,m 2 , z) 

N 

i 

H 

•H t_ 

cm 

t- 

MD 

H 

1 

II 

00 

f I' 

0 0 

dt r 3 1 (1-t) 


2 

exp [rt(l-t)p 

- m 2 rtj 

(3.22) 

Defining, 




5- = jjn 2 t 

- t(l-t) p 2 J r 


(3.23) , 


integrating over s by using the formula, 

oO 

P(z) = J dt t 3 " 1 e -t , 

o 

Me get, 

i( P 2 ,m 2 ,z) = - f 1 dt t z (i-t)- z 

I6x P(l-z) "^o 


C. 

X(l + ■ p P -"p t 

) K 

(3.24) 

131 -p 



i P( -z ) 

P(l+z) P(l-z) 

, 2 2nZ 

(m - p ) 

I6% 2 f\l-z) 

ru) “ 

XF(-z, 1+z; 2| 

2 

- ■■ ) 

2 2 ; 

(3.25) 


m -p 



where F is the hypergeometric function, defined by, 
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F( a, b;c jz) 


f{b)r(c-b) ^ 


dt t b_1 (l-t) c ~ b " 1 (l-zt)“ a ( 3 . 25 ') 

j ry 


Using the formula^ 1 

F(a s b; c; z) = (l-z)“ a F( a, c-bj cj z/z-l) 


we get. 


(l-p 2 /m 2 ) z F(-z, 1+z ; 2; ) 

m "-p 


= F(-z, l-z$ 2 *, p 2 /m 2 ) 


which gives, 


■ 2 - 2 ^ 4 r irzlJll±2L_ m 2z 2; p 2 /m 2 ) 


l(p »m ,z) = - 1 


( 3 . 26 ) 


Using a-parametrization, A(p , z) is written as 
A(p 2 ,z) = - f /da da 

p J {2%y o 


/• r, . sP 21 . ,2s 2 d + 2p.k „ -z 

exp (a 1 |(p-k) -m / + a 2 k ) - p(i_ z ) a 2 

(3.27) 

Again interchanging the order of a and momentum integrations, 
and defining $ as in Bq. (3.19), and performing integration 

r* 

over (L using (3.20), and noting that 


/ K ex P C (a i + a 2 ) ^ 2 ] * 0 


( 3 . 28 ) 
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W e get, 


A(p , z) = -i ' 2 J 
I6n o 


^ X J aa 2 exp [p 2 -m 2 ai ] 


A- [-2 + 2 7—7 77- j 

(a 1 + a 2 ) 2 ^ 1-z ) 1 2 

= -2F( z ) I l(p 2 ,m 2 ,z) + | “7 l(p 2 ,Ei , zH) (3.29) 

V- <2p 


which on simplification becomes, 


A(p »z) = - 


? 2 L&1 (4ti)" 2Z r ( -a) ^l-z) 

8 tc 2 


y[P(l-z, -z$ 2; p 2 /a 2 ) 

2 2 

_ ( Z+ 1) F(l-z, — z ; 3; P /a )] 


(3 .33) 


B(p 2 ,z) = ( 

4 ic 


-f 2 ) Z (4 ic)' 2z P(^) ^(1-2) 


. 2z -|? 


j?( 1 -z, zj 2; p^/m 2 ) 


(3.31) 


Writing, 


2 (p) = >i(p 2 ) + nWp 2 > 


(3.32) 


where 


A( p 2 ) 


i- f dz ^(-z) A(p 2 5 z) 


2ui J 


B(p 2 ) 


/ dz T(-z) B(p 2 , z) 

2711 c x 


(3-33) 
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integrals (3.33) are evaluated by deforming back 
the contour to c and taking 

( -1) Z <21 cos %z 
so that; 


M p ; = - 


2% 2%i 




(1 6r/) z 


Xcos itz [3? ( 1— z 5 z$ 2; p /m ) 


- j (z+l) F( 1 — z ; — z $ 3 5 p 2 /m 2 )] 


and , 


B(p 2 ) 


a 1 

it 2iti 


f / f 2 m 2 \ z 

t J C-Z { o' ) 


I67r‘ 


(3.34) 


Xcos itz i’(l-z, -z$ 2; p^/no ) 


(3.35) 


ihe integrands in Eq. (3-34) and (3.35) have double pole 
at z = 0 and triple pole at z = 1, 2, 3 , . . . . keeping only the 
leading terms in f (i.e. considering only the double pole at 
z = 0) , 


A(p 2 ) 



In 


in _ 1 Y 

fa 2 r 


2 

m -p 



2 


(1 + 


2 2 

g-,±g- 


In 


5/4] + 0 (f 2 In f) 

m 


(3.36) 
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B(p Z ) = -f [1* ft - 1 Y + 


+ 0 (f 2 In f) 


Expanding 2»(p) around m, we get, 

Z?(p) = c-^ + c 2 + (^-m) 2 Z f (p) 

= c + (pf-m) [c 2 + (pf-m) zj f ( P ) ] 


s!zp! m + i ] 


(3.37) 


(3.38) 


and we can identify 


°1 _ - ?- ( P ) J ^_ m 

= m[ A( m2 ) + B ( ) ] 

Using Eqs. (3.36), (3.37) and (3.39), we get, 


(3.39) 


6m = 


[ In | Y + X ] + 0 (f 2 In f) 


(3.40) 


This expression is to he compared with the result in conven 

. 32.- . 

tional quantum electrodynamics given as, 


[ m A. + 1/4] 
2m L m 


(3.41) 


It can he noticed that the inverse of the minor coupling 
constant, f, provides a natural ultra-violet cut-off. 

The expressions for A(p 2 ) and” B(p 2 ) can he put in the 


following form, 
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A(? 2 ) = A(ra 2 ) - ~ h!=|! ( ]_ + sl ±£ ln a%!; 

2p p m 


(3.41) 


B(p 2 ) = 3(m 2 ) + 12 ln fAf 


(3.42) 


that, rising (3.32), (3.38), (3.41) and (3.42) we get, 
2i(p) “ c i = j(A(p 2 ) + mB(p 2 ) - mA(m 2 ) -mB(m 2 ) 


= (tf-m) [ A( n 2 ) + ■?— 

2p 2 


X (x + e!±|! in 
^ P 


£*! ) 
2 / 


2am . m^p 2 , 

* 2p 2 m 2 J 


(3.43) 


From Eq. (3.38), we see that c 2 can he obtained by(3.43) 
putting j( = m in the square bracket term, so that 


2 2 

= A(m 2 ) + ~ T (1 + 2 ln — • ^~) - 4 In 

m 


t2_„2. 


2 J /2 2 

m p =m 


= A(m 2 ) + ■— [1- 2 ln ^fz|£ ] p 2 = m 2 (3.44) 

m 

The wave -function renormalization constant for the electron 
is given by, 


= 1 - c . 


~ 1 + 2'ir ^ ln mf ~ 2 Y + f ^ 


+ S m ( s!^£ ) 


2 + 0 (f 2 ln f) 



equation, 


Comparing (3.43) with (3.38) we get the 


+ (tf-ia)^ ~(p) = l(m 2 ) + 


? 1 vj o-nij ^ r>\ p j = ; “r 7T- 0 — 

- 1 £-7C 


x[l + i n 5 


2 2 


2 n r 

„ 2 n 2 
2p m 


(3.45) 


Using v3.4^) for Cp? and multiplying both, sid-.s by ( pS'-t-m) 


(p 2 -m 2 )£ f (p) = 


. 2.2 2 2 


^ [1 + SL±£_ m SL_^_ j 

2 p P 51 


2 am ( ^+m) 2 ln m 2 -p 2 
* 2p 2 m 2 “ 

- (^+m) [1-2 In ] 


2 j 2 2 

m p =m 


(3.46) 


It can be rewritten as, 


2 f (p) = £ [J (p 2 ) + (jf+m) K(p2)] 


(3.47) 


where , 


J(p 2 ) = 


2 2 2 2 2 2 

[1 + *_££_ ln *_zIL- . 2m ln 5L_zE_ ] 

P in p nt 


and, K(p 2 ) 


— 2 P ~ 2 ~~ " 2 £ 1+ ln S NtJ 

(p -mh). 2 p p nr 


(3.48) 


4m m . 

2 2 2 
P p -m 


2 2 
m -p 


(3.49) 


, 2 2 

u [1-2 ln - - = £ ~] 0 0 

p 2 -m 2 m 2 p 2 =m 2 
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Defining 



2~(p) = 


a 

2%m 


r i n _ 2 ^ 2 £ 

L 2(i-pT l -p 


- lnp ) 


.(fe 

' T3 


i 


2p(l-p) 


( P + 


-4+4P+ P 

1- p 


Ln 


P ) 


+ £ In (1-J3) f ] 

P p=l J 


(3.53) 


This expression is same as one obtains in conventional 
calculations 52 . The logarithmic divergence in the last 
term in Eq. (3.53) is the well known infra-red divergence. 



IV. PHOTO IT 3EL.& liHSHG-Y 

In this section we calculate the photon self energy 

to second order in major coupling constant e using the 

interaction [_ and treat the problem of gauge invariance 
G .rj .• 

coming in this calculation. The matrix element for this 
process is given by (see Pig. 2) . 



Pig. 2; Photon Self Energy. 




ie 2 Jd 4 x Ir (y^ S p (x) S p (-x}) 

x exp (f 2 D p (x)) exp (ik.x) (4.1) 


Now 


oo 


exp [f 2 Dp(x)] 


2 l|fP [V x)] 


n 


n=0 


n'. 


-i— J dz F(-z) [D(x)] z< (-f 2 ) a 


2iti c 


(4. 2) 



where c is the same contour as used in defining Ea. (3*3). 
Substituting for exp [f 2 B p (x)] from Er (4.2) into Eq,(4.1) 
and after little rearrangement we get, 


n'(k) = 


Jdz r(-z) ^ (k,z) 


(4.3) 


where , 


p^ V (k,z) = 


ie 2 (-f 2 ) z d 4 x exp (ik.x) 


x Tr (y^ S p (>z) Y V Sj,(-x)) [D p (x)] z (4.4 
how to be able to apply the formula (3.5), we write 

(k, Z ) = n^oc.o) + j sb r<-z) f)--' (k, a ) 

C. J V -L _ 

2 (4.5) 

where c 2 is a contour running parallel to the imaginary 
axis and lying between Rez = 0 and Rea = 1. Using 

formula (3.5) and Eq. (3*2) and doing integration over 
x and one momentum integration using 6-function as in 
Sec. Ill, we got, 


(k,z) = a'(z) 


a 4 q d 4 p „ Tr r u zJ±m 
(2m) 4 (2m) 4 ■- p 2 -m 2 


P 


i Y-(p+a-U+P 

(p+q-k) -m 


] (-q 2 ) 2 ' 2 (4.6) 


where , 
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K(z) = -e 2 (-f 2 ) z (4n) 2 ~ 2z (4.7) 

To secure convergence of momentum integrals, we-' 
shift the contour to left so as to lj.e between Rez = -2 anc! 

Rez = -1„ In this process we encounter a simple pole at 
z = 0 whose contribution cancels (k, 0) in (4.5) giving; 

! k , z ) = i dz n ( _ z ) ["^(k, z) (4.8) 

°3 

tlJ 

where fj r (k, z ) 4s still given by the expression (4.6). 

The contour is parallel to imaginary axis and lies in 
the region -2 < Rez < -1. The quantity z) in 

Bq. (4.8) is essentially the same as the one appearing in 
ref. (32), although the full (k) is different. However, 
some of the steps in the above reference appear to be 
incorrect. We have repeated the calculation along the 
same lines as in the above reference. 

Calculating the trace occurring in Eq. (4.6), we get, 

tf' (k. ») - 4KI«) j] ( -» 2 ) Z ' 2 

‘ ( 2n) ( 2%) 

< 

p^p+q-k) -p a (p+q-k) a g^ V +p^(p+q-k)^+g^m 2 
(p 2 -m 2 ) f(p+q-k) 2 -m 2 J 


(4.9) 
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how we write , 


y (k - ( 
Then we have , 


,z) = (k 2 ^ -kV ) C (k 2 ,z) + g JJ> ' l(k 2 ,z) (4.10) 


k u (k,z) = k' ; , z ) 

4 1 * 


= 4K( Z )[S-1%-^tx ( - g 2 ) z ' 2 

J U2k)^ (2n) 4 


x 


p . k( p+q-k) -p a ( p+q-k) (X k v +p' ^, ( p+q-k) „ k+k’“ 


(p^-m* 1 ) V( P+q-k) 2 - m 2 l 

L* 


-^2 ^, 2 ^ r/ 

" _ j — ui 

(4.11) 

We will first calculate the integral in Bq.(4.1l) 
for space like k and then analytically continue to the time 
like region as in the calculation of electron self energy. 

For this we use the a-parametric representation as in Sec. Ill 
to get, 

dr " 4 

{2%r (2u-)‘ 

x exp [a 1 (p 2 -m 2 )+a 2 j( p+q-k) 2 -m 2 *] 


k v I(k 2 ,n = 4K(z)[f{d^ d« 2 da, 


a _ 


- 2+1 


,v 


2 ^ w 
+ yq ] ~ r ' ( g-i y C 2(p-k)p — (p. q)k 


v 


+ (p.k)q y + (q.k)p* / - (p 2 k V + k 2 p^) 


Now let, 


t : 




a + 


2 1 V i 

+ m k J 


<P~ k ) u a 2 
a 2 +a 3 


(4.12) 


using Eqs. (3.20) and (3.28) we get 


m 


(4.13) 
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k^D(k 2 ,z) =^r|T ijj d -'l S “2 <J“3 I 

— z+1 


,4. 


c] + - . exp [(l,(p 2 -m 2 ) 

(2x) 4 1 


cc„a_ p ioc^ 

+ A£- (p-k) 2 ] -~4 


a 2 m a^+ct. 


I6n; 2 ( tto+cx^ ) 


x[^p a (p-k)^ k V ’-(p.k) (p-k^-Cp-lO^P^j 

X r — - — r +2(p.k)D v '-(pV+kV)+H 2 ^ (4.14) 
(cu+a,) 


[ 


a i)\ 


Making the substitution, 


ctgce^ 


I * t _ 

L p = p ii“ k ia X a 1 a 2 + a ! a 3 + a 2 V 

and integrating over [/' using Eq. (3.20), (3.28) and 

P 


(4.15) 


r ' 




M X I t - 


-1 g 


'uV 


P " V 3Zrc 2 a 3 


(4.16) 


and simplifying the expression we get, 


4K(z) 


_ / , 2 \ + ^V 

P(k ,z) - - . 2x2 



doe da 0 da„ 
1 2 _3 


(±bn 2 ) 2 V(2-z) JJy (a 1 a 2 +a 1 a 3 +a 2 a 3 ) 


2 a j5 


-z+1 


a l a 2 a '5 

x exp [ 


l tx 2' r ^ 1 J 3 ' ;i 2 a 3 


k 2 - (a 1 +a 2 )m 2 ] 


a 


a i a 2 a 3 




x t cc- L «2 +a l a 5 +a 2 a 3 ~ ( a i a 2 + a l a 3 + a 2 a ^ T 2 

+m 2 l (4.17) 


Now to calculate the integral over a - parameters in Eq.(4.l6) 


we define x, y, z as 
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= 1/x 2 , a 9 = l/y 2 , 


1 


= l/2‘ 


(4.17) 


and change to polar coordinates i.e. 

x = r sin 9 cos 0, y = r sin 9 sin 0 


z = r cos 9 


(4.18) 


Finally we get 


£(k , z) = 


tc /2 nj2 

&(z) J d0 / dr (r) 2 

o 'o 6 


cos 0 sin 0 


z sin^ 9 (cos ©) 2z ^ [r 2 sin^G cos 2 0 sin 2 0 

-k 2 sin^© cos 2 0 sin 2 0 + m 2 ] exp [k^/r 2 

2 


m ' 


r c sin 2 © 


cos 2 0 sxn 2 0] 


(4.19) 


whe re , 


G(z) = 


-32K(z) 


f 7 ( 2 -z)(16ti 2 ) 2 


( 4 . 20 ) 


Vie first do integration over r by defining. 


u 


1/r 


(4.21) 


and using Bq_. (3-23 )$• this gives, 
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D(k 2 ,z) = 


n(„\ n/2 It/ 2 — , 

J d 0 J d© n (_ 2 _i) 


V ( 

>S V 


m 


d.\^ 


sin/© cos^© sin^ 


- k") 


x [ sir/ 0 cos 2 0 siri^ 0 k 2 x - m 2 ( z+l-sin 2 © ) ] 


x cos 0 sin 0 sin 2 © (cos 9) 


2z-l 


(4.22) 


2 

Now to integrate over G, we substitute sin'© = s and get 
J) (k/z) = —' f ^ 2 ~ . ^ ., I j~ cos 0 sin 0 


m 


cos 2 0 sin 2 0 


) z f as(i- cos? 0 fa^- 2 a ) 

m 


x 


(l-s) z 1 [s z+ ^ cos 2 0 sin 2 0 k 2 z 


/ -j \ — z+l 2 s+2-j 

- m(z-H) s + m s j 


(4.23) 


Now using the formula (3.25*) the integration over s can be 
done and the result is „ 


L(k 2 ,z) 


H , ( z )Tli z-k z Sl (m^) 2 ( d0 sin 0 cos 0 

'' ^o 


x ( 


1 r V{z) V( 4-z) 

: — ) L — ffjt) 


cos 2 0 sin 2 0 


„ „ , cos 2 0 sin 0k % 

X V-Z, 4-Z, 4} * — 2 — — ' 

2 x m 
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x cos 2 0 ' sin 2 0 z-m 2 (z+l) - ^ z )-- (^L~ z a . 


2 ^]_ (~ 2 j 2 -z 5 2 ; 


:) r 

p( 3 ) 

. 2/V f __ £-r 


cos Qf sin 0 ,2 




m 


+ h 2 1 ( z ) i 7 ( 3 -z ) ™ ^ 7 * ■*. 

' ~ii ^ 3 ) ,Z~^ I s ^ ? o 2 y o? 


2 ^ ■ 2 
cos 0 sin 4- # k ^ j 


(4. 24) 


m 


To perform the remaining integral over 0, we substitute. 


sin^ 20 ' = t 


(4.25) 


and the result is, 


BU 2 , a) = i 3 (a) F'nm-z-l) ( 4 m 2 ) z J dt (l-t)~ 1/2 


t_z [* riflf 1 tk2 2 : i ( - z ’ 4 ' Zi 4i IP 


+ m 


2 l (3-z) 

r*(3) 


-i* 1 -, (-z. 3-z.? 3; o ' ) 
£ - 1 - ' 4 oi 


m 2 ( z+l) 2 ?i (~ z ' 2-z i 2 ? 73 )] 


4m 
(4.26) 


(9) 


Now we can integrate over t using the formula 
1 

J dx (l-x)* 1 " 1 x y_1 Fj. (a i; a 2 ; b; ax) 


. Q . M ini P)— <3 a x , a 2 ; \i+i) , b-, a) 


i( 4+1 ) 


3 2 
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and obtain, 


D (k 2 ,z) 


G(z)T 1 (z) I \-l-z) (4m 2 ) 2 


xf gk" 


r(l/2)P( 2 -Z-,), r(4-g). jj. 

pi 5/2 - z) mrr 3 ~ 2 


( 2~z , -z, 


4-z; 5/2-2 


o p 2 

4*, k /4 m ) + m 


P(3-z) Hl/2) 1 (lrzl 
p(3) PI 3/2 - ^7 


3 F 2 (1 " z> 


x 


3-z; 3/2 - z, 3; k 2 /4m 2 ) 

T( 2-z) P(l/2) ) 7 (l-z) 
n 2J p3/2 - z; 3 

2-zj 3 /2-z, 2; k 2 /4m 2 )] 


-m 2 ( z+1 ) 

( 1— z , -z, 

(4.27) 


. In the above equation we change functions in 

terms of Meijer's G- functions 31 and after some algebra 

we get, 

l(k 2 ,z) = ^ G(z) n*)T (1/2) ( -k 2 ) Z+1 . 

rr i3 (.nil -1, 1, -3 ) 

[ 33 4m 2 ) -e.-3/2, -3-z 


+ ag (-4 f 

22 4m 


- 1 , 1 , "3 ) 

-1-z, -3/2,-3-z 


,13 


k £ 


+ Gt-zt: ( 2 

22 4in 


- 1 , 0 , -2 

-1-z, -3/2, -2' 


)] 


(4.28) 
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31 

The expression in square brackets can be simplified to 


o * 9 1 

,,13 / k* ^ ’ 

“32 Gr „-2 (- p / 

4m 1 -2-1, -2-3, 


-3/2 


(4.29) 


Using the relation 


(-k 2 ) 2+1 »i 


2 f ~ d. a ““1 $ 1 


— z— 1 , -s-5, -3/2 


. 2 i 2-1.2, 2+ 2 

(4B 2 ) Z+1 Gil (- -S , ) <4..30j 

4m > 0,-2, z-l/2 


and converting the G functions into F function and substitut- 
ing for G(z) we get, 

3e 2 (-f 2 ) Z f 2\Z+1 


B (k% B ) = - " 0 2+'S~ 

■3tc 


,i’ ( 2-z , 1-2, 

(1+z) P (3/2 -2)/‘(3) 


-1— zj 3/2 - 2 , 3? k /4m ) 


Now, 


C(k 2 ,z) = [g^/ v U.^) - 4D(k 2 ,s)]/3k : 


(4.31) 


(4.32) 


Y/e have, 


■ <«•>!/ *7t* 


(-q 2 ) Z - 2 

(2u) 8 

n \ . A 


r ~ 2p (]iH ' q ~ t) « + 4m r- ] (4.33) 

* ^ Cp 2 -m 2 ) f (p+q-k) 2 -m 2 j 

using ones again a-parametrio representation and evaluating 
integrals over momenta, we get, 
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n- ■- _ H-AV 

B ^ ,n “ "( 16„ 2 


JJJ dCC l da 2 

r /v 

U J wC_ 

5 

r 


a^a 2 a - 

, 2 

x exp l 

a l 

a„+a,a^+a, a, 

2 2 5 1 5 

k 



1 

r _ 

X 

( a 1 c 2 

+ 

. 2 

+ a^a^) 

L 

a. 


4a^ 


+ k 


2 2 a-j_ a: g Q ^' 


1~'2 1 3 2 3 

1 -z 


( a q a 2 +a i Q: 3 +a 2 a 3 ^ 


o a x 

+ m 2 ] 1 


P( 2-z ) 


(4.34) 


How using Eq. ( 4 . 34 ) and Eq. (4.16). V/e get from Eq. (4.32) 


c(j£% z ; 


8 K(z) 


p ( 2-z)(16ti2)2 

3~z 



da, da_ dau 
12 3 


x a. 


a l a 2 


3 , n4 

( a l a 2 +a l a 3 +0C 2 a 3 ) 


CX- cx^oc^ 2 2 

x exp [ — 2 k -(ap-agjm ] (4.35) 

a, a,-t-a_ a~". _ a 0 a_ 

12 15 2 3 


The integration over a parameters can be carried out as has been 

O 

done for D( k , z) earlier. The end result is 

„2 


G(k , z) = 


. (_f 2 ) z ( ffl2 ) z Uu /gl 

16^ 22 4 Z 


, ^( -z)P( 4-z)T( 2-z ) 
X pi 5/2 -z) 


3 E 2 (2-z, -z, 4-z; 


5/2 -z, 4*, k 2 / 4 m 2 ) 


(4.36) 
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Now from iiiq_s. 

jf V (k) 


whe re 


C(k 2 ) 

D(k 2 ) 


(4.8) and (4.10) we have, 


= ( k 2 g 11 ^ - k'^k^ C(k 2 j + l ' L( k 2 ) 


1 


2ei 


oa 


I (~z) C(k 2 , z) 


& l -n-) B (^. -) 


(4.37) 

(4.38) 

(4.39) 


Prom Eqs. (4.36) and (4.31) it is seen that the integrand in 
(4.38) has double pole at z = 0 and integrand in (4.39) has 
a simple poles at z = 0 and at z = -1. Calculating contribu- 
tions of these poles we get, upto terms of order f° i 


c(k2) = - jl [ ~ 2 los H + %r ( ^) 1/2 

X log ^ - f + 3y - log 4] 

jl+,\ - JA A b 

+ 0 (f 2 log f) (4.40) 

and 

h(k 2 ) = - ^£|-|^(m 2 -^) + 0 ( f 2 log f) (4.41) 

~ -k 2 /4m 2 


Where 
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ihis gives for the photon wave function renormalisation 
constant , 


23 = 1-C(0) 

2 

= 1 ~ G-Jr [l°S 2 2 ■*" ^ ~ 3y + log 4 
m f D 

+ 0( f ^ log f ) 

Now we write C(k 2 ) as, 

C(k 2 ) = 0 ( 0 ) + k^U 2 ) 

identifying ^ f ( k 2 ) as, 



(4.42) 


A f (k 2 ) - -£[< 




log 


V 1-k-A+^-A 5,1; 

J&X - K ’ 3 * J 


+ 0(f 2 log f) 


(4.43) 


This result agrees with the standard result in quantum 
■53 

electrodynamics . 


Gauge Invariance : 

In the above calculation Dfk^) is not zero which 
implies lack of gauge invariance. We note that l/f 2 term 

p 

in D(k ) Is reminiscent of the quadratic divergence in this 

quantity encountered in naive perturbation theoretic c al cu- 
33 

1 at ion in conventional quantum electrodynamics. In the 

latter case a careful calculation employing a well defined 

gauge invariant current operato ^ ^ or appropriate gauge 

29 

invariant regularization ensures D = 0. 
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In our formalism also, we should modify the current 
operator, because the product of field operators at the same space 
tin- point i - a usual url -fined. to, therefore , ro place 


in/__„ m by strictly gauge invariant operator 


,(34,35) 


which gives rise to the additional interaction, 



x+e/2 

* f 

[-ie 

I 

• 1 

OX 


x-e / 2 



(4.44) 

inter: 

action, 



L em = ie2 ^(x+ e/2) Y^'U- s/2) A^(x) exp [fa(x)J 
x+e/2 

x /" d j3 V> A ( (3) . (4.45) 

x-e/2 * 


To obtain the additional contribution JJ^(k 2 ) to the 

polarisation tensor, due to the above interaction, we must 

< d 3b 

express the first order 3-matrix due to m the form 


i j fix b e m (x ) 


= - 1 


f 4 


d^k A ti ( k)H (k) A (k)s + ... . (4.46) 


where 


yk) 


i_ 

( 2 %) 


5 


(4.47) 


j3- integration in Eq. (4.45) can be carried out along a 

\) V 1 V . , - . 

straight line path |3 = x + -gs e, -1 £ s -c. 1. 



4 2 


Noting 

\ 0 e/2) (x-e/2) j 0^ = - Tr ( 3(-e)) 

(4.48) 
3 5 

we obtain after a straightforward calculation, 

)Tl,;(k) = ie 2 e Tr [v S(-e)J ~r sin (k.e/2) (4.49) 

This gives in the limit e V -~> 0, a quadratically divergent 

p 

contribution to D( k ) which cancels the usual quadratic 

? 2 
divergence in L(k ). Galling the contribution to B(k ) from 

(4.49) as D* (k 2 ) and using Eq. (4.10) and (4.# ) we have, 



lim [D 1 (k 2 ) + D(k 2 0 ) ] = 0 (4.51) 

9 

0 Q 

Thus giving, 

= S ] dzPc-a) D(k 2 , *) (4.52) 

C 2 
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Now the contour Og being parallel to the imaginary 
axis with 0 <^De z 1, Eq . (4.51) , on folding the contour 
to the right, will give terms of order f' 1 log f and higher. 
Had the quantity on the; right of Eq . (4.52) been finite, our 
demonstration of gauge invariance to order f° would have 
been completed. This is not the ca.se as we have seen in the 
previous section (the contour had to be shifted to the left). 

i 1 . 

>* e will now show that inclusion of /_ em , which also gives 
contributions of the same lowest order in f, makes the right 
hand side of Eq. (4.52) convergent without shifting the 
contour to the left. 

To include the effect of l~ em 4t is sufficient for 
our purpose to consider the diagram shown in Pig. (3). This 
diagram represents the sum of diagrams with and without the 
indicated modification due to ^- em so that each of the super- 
propag&tors lines with momentum q 1 s and q l,r represent the 



Fig, 3 : Photon Self Energy Diagram including 
effect-of IS * 
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sum of zero, one, two, ... graviton exchanges. The 
diagram in Fig. (3) contains modified oVec tron-elec tron- 
graviton vertex which is separately shown in Fig. 4. 


I l-*' tq'V 


'^z J+ a-L- r . q . 1 c £+ c 


q* 


Fig. 4^ Modified Electron-Electron-Graviton Vertex. 


The matrix element for this diagram is given by , 

a+ih<? 

M(t, q" ) = f d 

a-i;^ 


J 1 


h( 


2<i ) 


| d^a ' Y'( 2L-q 1 ) 


- y.(2?-2q'f q” ). 

Y . U -q ' ) - m 


1 


Y- d+q" -q' )-n 


y.( 2&f 2q" -q ' ) 


? B l -2 
x (- q 2 ) 1 


(4.53) 


where -1 4. a 4 0. The function h(z^) includes the z-dependent 

p y, p 

factors other than ( -q ) ~ in Eq. (3.5) and various cons- 
tants. The integral over q* in Eq. (4.53) is obviously 
convergent without .shifting the contour c' . 
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Next we examine the high momentum behaviour of 
M(£ , q" ). Putting 



and » 

-1 4 a «/ - 3 /4 (4.54) 

one con easily see that* 

* n, 

lim M(£ , s j q” ) £ s '- 1 (log s) (4.55) 

s - 7 ^ 

« 

where n^ is a non-negative integer. 

gjext we determine the asymptotic behaviour with 
respect to (h . Setting 

let- t 2 

lim M(t,£, q” ) < t " 1 (log t) 2 ( 4 . 56 ) 

t-h 

q" fixed 

2 being some other non-negative integer and where 

_ . Finally we find behaviour of M( ( , q" ) when 

both £and q rt tend to infinity. 

Let , 

1” = U) Z Q" i= ^ t" 

q’ = (0 2 0"' m = CO 2 % 
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Then, 


M( £ , q !i ) 4 ttti (log w) 

C4 ^ 


( 4 . 57 ) 


how, the matrix element for the diagram in Pig. (3) is given 


6y , 


k 2 L(k 2 ) 


- :i£ 7 


jjti^ ,-Ct+ite 


f a +i i ’° ( A A 4 

dz 0 ( d 4 P d r q" d 4 


3 . . u ~2 > 

p-i fr* a-x^* J 


x Tr [y.k 


1 


y. (p+q-k 


M( p-k+q, a " ) 


x 


1 

y. (p+q u -k+q )-m 


y.k 


1_ 

y . ( p+q " ) -m 


x M(p+q" ,-q" ) ] (“7 2 ) Z 2 

iv , ~| 

x (-q 2 ) ~ 2 , 0 4 P4 1 (4.58) 


Now by power counting we can see that q ' ' and q integrations 
are convergent. To see convergence of p-integration we let 
f pj = u 2 and then by power counting, we can see that 
u - integration is also convergent. Hence D(k ) <[ 0(f log f). 
This completes the proof of gauge invariance of 71^; 
upto order f°. 



YERTiSSL PART 
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In this section we; calculate the vortex part by using 

Lem* Feynmann Diagram is shown in Figure 5(a). The 

sV 

quantity /) (p* , p) in lowest order is given by 


A 


0 


( P* * P) « 


J7 


d 4 x 


d 4 y 


Y 


0-31 ( X ) 


exp [f *!>-,( x)]y r 


xS p (y) exp [f 2 D p (y)J y a D p (x+y) 

X exp [f 2 D p (x+y)] e ip ‘ x e ip * y (5.1) 



Fig. 5 - Lowest order vertex correction diagram. 

It turns out that the term represented by diagram 5(b) 

is convergent and inclusion of other two superpropagators 

2 

as shown in diagram 5(a) can alter the result in order f In f. 
Therefore, to order (f)°, it is sufficient to consider the 
diagram 5(b), so that 
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A ( P ' > P ) 


= e 2 jj <Ax d^y y J 3 w (x) y v S-p(y) y„ D p (x+y) 


X exp [f Dp ( x+y ) J exp [ip’.x] exp [ip.y] 


Proceeding as in Section III, wo get. 


(5-2) 


A V 1 ° < +± j6 „ .'P 

'Mp'» p) = JZJ f <3z F(-z) A (p’,PfZ) 
^ ^-ioo 

-1 < a < 0 


(5.3) 


where, 


Ah,. 


(p 1 f PfZ) = F(z) 


f d 4 q <x (yf' -<Q+m 

/s T 0 9 

( 2tc )" ! (p'-q.) -m 

2\Z-1 


y ( 

(p-q) 2 -m 


* T - : r -" y 2 (-9. ) 


(5.4) 


w 


|>ere P( z ) is given by Bq. (3.8) 


i/ 


how we shell show that A (p « r p) f given by Bq.(5.3) 
satisfies the Ward Identity . Multiplying Bq. (5.4 ) 
by (p-p'L and summing over V , we got 


(p-p') v A (p’,p,z) = A a ) j 7~ q ^ 

v J (2 Ti r 


a r 1 1 1 

^ Y L 1 i/_ o/— m -* * °d. 


-m 






- C-q 2 )"’ 1 


= V (p 1 ,z) - Z (P.z) 


(5.5) 
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Hence , 

(P-P 1 ). jJ A ( p* ,p) = 2 (p' ) ~ L. (p) (5.6) 

which completes the proof of Ward's identity to order f° } 

Since the inclusion of the other two superpropagators as 

2 

shown in Pig. t(a), can alter the result in the order f In f. 
The direct calculations with vertex are very complicated. 
However, we can easily relate the vertex renormalization 
factor and the traditional finite part left after the 
renormaliza.tion to the quantities already calculated and 
to some quantities in conventional quantum electrodynamics. 

It is to he noticed that for the contour lying between 

-1 and 0, the integral in Eq. (5.4) is convergent. We now 
write , 

A J (p',p) = L + f\ £ ( p ' > p ) (5.6) 

T 

whe re , 

_ ^ +i<x> iV j 

= 2ii d2 A-z) ^ (p (5,7) 

From the Ward identitiy : Eq. (5.5), we have L = -c^ where 
c 0 is the quantity calculated in Sec. III. Also, 

C 

A^(pSp) = 2 llj dz A-z) A^(p*,p,z) (5.8) 

ty -ioo 



50 


We can write, 


Af(P* rP-z) 


= _/d 4 q [h (q,p',p,z)- h (q,p ,p,z) ] 




(5.9) 


where , 


h ( q, p' ,p,z) = f’(z) y 


a 1 


( 4 ' -s£-m) 


r 


i 


y, 


(5.10) 


The integration in Bq. (5-9) over q for z = 0 is finite. 
The quantity ' Ar(p’>P»0) is obviously the finite part 
in conventional quantum electrodynamics. 


Now , 




F(-z) 


(5.H) 


where is the contour described in Sec. III. By shifting 
the contour C£ such that 0 4 Rez 4 1/2, the integral over 

q in Eq. (5.11), is seen to be convergent. Therefore, the 
integral in Bq. (5.11) only gives the terms of order f In f 
and higher. Moreover^ the addition of the other two., 
superpropagators in Big. 5(a) affects the result to order 
f 2 In f or higher. 
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v/e have, therefore, shown that upto zeroth order in f 

the vertex renormalization constant is as given oy the hard 

The f»m+e )pa.yi left 

identity and is finite, after renormalization same 

A 

as in the conventional quantum electrodynamics. 


Li. • 

cm i k 

Am. 




VI. PROOF OP PlPlTiii'IiiiSS OP THE TriiORT TO ALL ORDERS 


In this section, we present the proof of the suppression 
of ultraviolet divergences for the theory formulated to all 
orders in e. 

he consider a general graph in arbitrary order of e. 

It has between any two vertices, 

(a) zero, one or two fermion lines, 

(h) zero or one photon line, 

(c) one superpropagator 

hoiking in Feynman gauge, the photon propagator 
whenever present can be absorbed in the superpropagator 
as we did for electron self energy calculation. For the 
time being we ignore the term £ £ r in the lagrangian and 
consider matrix elements due to L em on ly • In bhe contri- 
bution of a given diagram there are following integrations ; 

(a) over superpropa.gator momenta qe j (b) over momentum of 
each internal electron line and (c) over the complex 

variables z. •. Also there are, in the integrand, the 
i 3 

6-functions giving energy momentum conservation ab each 
vertex and Gamma functions coming from Sommerfeld Watson 
transform and the Fourier transforms of super-propagators 
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(i.e. from use of Gelfand Shilov formula for l£(x)). Thus, 

_C 

ignoring certain non-essential f^ctc's the matrix element 
for a general diagram can be written in the symbolic form 
as 2 


M ro 


f IT dz. . d^q. . T ’ ( -z. . ) 

J i<j ^ ^ 


) (- 


16tc ‘ 


f(2-z. .-a. .) 

— - 13 f <-q?«> 

r(z ij +a ij ) 


A 

„ z . .+o:. . - 2 U d ‘ p 
2 ^ ij ij > 


1 


y • Po~ m 


^ 6 ( p i c -1 _p -Up) 

k 


( 6 . 1 ) 


where the symbols a. . represent number of photon lines 
Nice* i 

(0 or 1) and P k represents the sum of external momenta at the 
k-th vertex. The contours of integrations lie parallel to 
the imaginary axis with -1 0, Re z- .<(_ 0. 

For formula (6.1) it has been assumed that whenever 
necessary the contours have been shifted to right to satisfy 
Gelfand bhilov condition i.e. 0 <. Re ( z . . + a. .) 2, and 

~L J -J- J 

after the Gelfand Shilov formula has been substituted the 
contours have been taken back (as was done in the photon self 
energy calculation). This causes no problems. 

Now a simple observation simplifies the proof of finite- 
ness tremendously. The observation is as follows: 
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The variables z. . appear with positive sign in the 
2 

exponent of q.,. and in V- functions in the denominator 

-L J 

and with a negative sign in P -functions in the numerator. 

This observation leads us to the conclusion that contours 
f 0T can be shifted to the left to secure convergence of 

lij integrations and no now singularities are introduced. 

Now in Bq. (6.1), some of the integrations over 
momenta can be done trivially by o-functions. After these 
integrations, we are either left with only .some superpropa- 
gator momentum integrations as in the case of electron self 
energy (See III) and vertex part (See V), which are convergent 
by the above argument or there may remain integrations over 
some electron momenta. In a situation of the latter type 
at least one of the electron propagators in the integrand 
will involve a linear combination of the electron loop 
momentum and at least one of the superpropagator momenta 
as in the photon self energy case in Section IV. Now since 
we can make the q. i integrations as much convergent as wc 
like, giving asymptotic behavior for large p as 

— i— _ [logj pj ] n with £ becoming greater and greater for 

|p r 

shifting the relevant z-contour more and more to the left, 
thus ensuring the convergence of p-integrationa. 

Now performing momentum int egrations, we get, 
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M wx f TT 

J i< j 


r(~ z )r(2~ z -? ) 

dz. — — If — iJ — 3-J., „ 

J rfs. .+oc . .) 

' Ij 1 .] 


z . 


Id tc 


r) 1J f(P,z) ( 6 . 2 ) 


where f(P, z) is some function of the, jx u .-rn.ei momenta and z. .*s 

1 J 

obtained after the q and p integrations. Now it can be easily 

seen that f(P, z) is a bounded function of z- Is on their contours. 

-i- J 

This can be seen as follows. Symbolically, we can write, 
f (P j z) = J d 4 p d 4 q g(P,p,q,z) 
therefore, L $d 4 p d 4 q |g(P,p,q,z)f 

Now it should be obvious from the above discussion that q and p 
integration are in fact absolutely convergent. This proves the 
statement made above. 

Por the asymptotic behavior of T 1 -functions we have 
T 1 ( az+b ) v^> 'J2rc e az ( az ) az+ 6~l/2 ^ ar g 2->-0 (6.3) 

Writing z = x+iy = re we have , 

{T 1 ( 8z+b)J ^ (constant) e~ xa ( ar < f x+ k- 1// ^ e ~y9<x (6.4) 

Equation (6.4) shows that for large z,f-' (z) decreases 
very fast except along the negative reel axis (note that y and 
9 always have the same sign). Since in Bq . (6.2) there are 
more T -functions in the numerator than in the denominator, 
the z-integrations are convergent. 


The above arguments apply to any graph and its sub- 
graphs. The proof of ultraviolet convergence of any graph 
computed with the Lagrangian L-o + ^em 


is complete. 
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Introduction of voices the following modifications i 

( a) two new typos of vertices arc introduced - those 

involving electron and cx-lines only and those involving o 

♦ 

lines only. 

(b) The coupling will give rise to some momentum 

factors at the vertices. 

■ The new superpropagators arising from (a) will again 
give rise to the same kind of z dependence as before so 
that our convergence argument will go through. 

The point (b) can also be taken care of by shifting 
the z-contours to the left. 

We must also consider the fact that the contours for 
the suporpropagator lines arising from the couplings in 
will lie in the region 0 < Re z ±j < 1 so that when one of 
these contours is shifted to the left, the factor V(- Zjj) 
gives a singularity at z. 3 = 0. The simplest way to see 

that this does not create any problem is the following. 

We can write, 



C + L 


+ 


, - = | [fr^ay - (? y 1 * f ] e 

+ 12>'V3„® e _2fcU) 


fcx(x) 


where , 
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and , 


r 


1 

2 


C^Y 




77 4 j - 

6 [i < 




u 


1 

2 




4 


Wow if is used instead of f ' the contours for 

the superpropagators lie in the region -1 <T Re z ±j < ^ ^ 

hence there is no problem. The coupling introduces 

only some momentum factors in the internal electron and 

cr- lines of the diagrams arising from the interaction 

/ + / " . These can be taken care of as point (b) above. 

'~em £~ 

This completes the proof of ultraviolet finiteness 
of the theory in any arbitrary order. 



VII GRAVI I AT 1 0 IT ill SELF EITERGY OR BA-ECTRGr? 

In this aection we calculate the electron self 
energy due to interaction L( given in Eg. (2.33b) in 
lowest order. ' _ $he contribution Z A p) from this 

o 

interaction term (diagram is shown in Figure 6) is given 
by, 



Fig. 6: Gravitational contribution to self 
energy of electron. 


2 s (pJ = | Jo 4 * { Cy 11 


— o F U) Y “ <-ip v ) 


+ R ~I s A x| r J -p,, y :1 S-pU) A i-p 






jj, 1 ~F V 


- ip y^SpU) y v ] [exp (f 2 Dp(x))-l]e lp,x 

Sx? 

( 7 . 1 ) 


Now, 


oO 


[exp (f 2 Dp(x)) - l) = [ Dj, ( x ) ] 

n .— 1 


n 


(X 


+ico 


TCI 


£ j dz H(-z) [Dp{ z) j" 


(X ~a*> 


0 < a < 1 (7,2) 
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in subsequent discussion 
gravitational c contribution, 
get, 


the subscript g refers to the 
Prom Eq. (3.2) and ( 3 . 5)> „„ 



where , 


e 

1 'r 

27li l-i^ P( ~ 2) ( ~ f2)Z ^g (P»z) dz ( 7 . 3 ) 

0 < p <1 



z) 


~ X *"(*) 


( 2m) 


d 4 k r , , 

— lYlp-k) 


Y-(p-k) + m 
(p-k) -nT+ie 


■' , , Y-(p-k) + ns 

+ Y.(p-k) y.(p-!c) 


+ Y • P 


+ Y • P 


(p-k) 2 ~ m 2 +i£ 
Y* ( P-k) + m 


(p-k) 2 -m 2 +i£ 

Y. (p-k) + m 
( p-k) 2 -m 2 +ie 


y.p 


where , 


Y.(p-k)J. (-k 2 ) 2-2 

( 7 . 4 ) 


P’(z) 


(4m) 


\ 2-2z 


2— z 


K 


(7.5) 


After simplifying the expression (7.4), te get, 

2 g (p,z) = -|?’(z) J 1 


(2m) 4 (p-k) 2 -m 2 4-ie 


X [ 4-Y* P (y» (p-k)+m) y, p-2y. k( y. ( p-k)+m) y . p 
+ Y.k(Y.(p-k)+m) Y .k -2 Y .p' ( y. (p~k)+m) y. k] 
x (~k 2 ) z_2 


(7.6) 
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where , 


we get 


As in Section III, we write 


2 g (p,z) 

2 0 

= # A rr ( p ,zj -4- m3 Ip 

0 £> 

(7.7) 

A g (p 2 ? z) 

= -^7 tr 2 (p, z)J 

4p s 


B 0 .(p 2 ,z) 

= 4m tr [ Zg 

(7.8) 


Evaluating trace in Bq. (7.8) and after simplifying 


A,, ( P » 2 ) 


iF 1 ( z) / d 4 k i_ 

~4P ^ (2tc) 4 (p-k) 2 ~m 2 +ie 


x [4p 4 -3(p.k)p 2 + 2 ( p . k ) 2 + 3p P 


k 2 -k 2 (p 


, . 2\Z-2 
x ( -k ) 


(7.9; 


•- F' ( z) | 

0 u 
d k 

"" X / 2 

4 p J 

( 2xY 

A 

O 

x [4p~ -3( p 

.k)p c 

iF* (z) 

d 4 k 

4p 1 

‘ (2%)' 


1 


2 \ z -2 


1 


( 2 ^ (p~k) 2 -m 2 +ie 


x [-3p 2 +p.k](-k 2 ) 


.k)] 


( 7 . 10 ) 
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Using a-parametric representation, we get 


oO £*> 


2 . Z 'j = i illmi f ! 


K (p *z) =r 


7 ,4 7 J t3a 2 

(2 ?l) 4 00 


x ext) 


r 1 \ 2 ^ 

scp L j ( p — ic ; -m 'j+ a^k J 


x _2 [4 P 4 „8p 2 (p.k) + 2(p.k) 2 ] 

F( 2-z ) 


ijP' ( z ' 


777 I I 

( 2 tz ) o o 


°° c*s 


exp [ ai / L (p-k) 2 -m'j+a 2 k 


a 

x 


F(i-z) 


[-2p^ + P*k] 


(7.11) 


To integrate over momentum k, we define a variable 0 by 

H* 

= + a- + cx p p u 

1 J- ' 


and integrating over the momentum , we get 


06 


2 ,z) = J J da. da ? exp [ p 2 -^ 2 


A g (p ,z) 


o o 


d *l da 2 exp [ 'a~ ~ a" p "V J 


2 „_2 1 


— ^ 5-^ p- [4p -8p — :g - 

F( 2— z) I6n 2 (a 1 +a 2 ) 2 a l +a 2 


. -I— + 2( J 71 ) 2 i + illi 

a l +a 2 a l +a 2 J 4 

r a l a 2 2 „ 2i a 2 

* ex P [ p - a i m ] KV 


Op 00 


o o 


da-^ da 2 


16tc 2 (Oj+atg) 2 


C-3 + ^ ] < 7 ' 12 > 
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simplification, we get, 

A g (p 2 , z) - ( 4 -,t)~ 2z ['-D-Jzgj m 2z 

2 

x [- ^2 I '( 2 - Z J l" z ? 2 5 p 2 /m 2 ) 

ill 

2 

+ z P( 2-z , 1-z, 3? p 2 /m 2 ) 

m 

2 

- *2— p (1+z) z P( 2-z, 1-Z; 4; p 2 /m 2 ) 

3m 

- 3P (1-z, 1— z ; 2; p 2 /n 2 ) 


+ ~ (l+z) F(l-z, — z | 3; p 2 /m 2 ) 
-|p(-s, 2-z j 3? p 2 /m 2 )] (7.14) 


Prom Eq.(7.8), we get 


3„(p 2 ,s) = -i|'W f-ASj (4 B g -4p . ,k+k 2 ) ( _ k 2)3-2 


(2nr (p-k) 2 -m 2 


(7.15) 


Again using a-perarae trization we get, 


\ (p2,Z) ~ ? F ' (z) jf da 1 da 2 /" ( ^4 


x 


cc 

exp [o^ ^(p-k) 2 -m 2 J, + a 2 k 2 ] — 


1-z 


2-z ) 


x [ 4 p 2 - 4p.k + k j 


(7.16) 
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Th.e integration over k 


is eg sin carried out by defining, 


\ = e„ + 


h- oti+a 


giving, 


B P - (p »z) = j f” (z) doe d 


1 " u 2 


a l C£ ? ? o 

ex P [5p^ P -V ] 


P( 2-z ) 


16tc 2 ( a ^ +a 2) ^ 


o 4n „ 0 a, 

X [4'D 2 - — -r~~ p 2 H i t/- ] 

a l +a 2 V a 2 ( Cl+ a 2 ) 2 P J 


In termoof I(p 2 ,m 2 , z ) , it bee omes . 


(7.17) 


B fl . (pin) = iElM [-4p 2 I (p 2 ,m 2 ,z-l) 




,■2 2 


2 

. . 

1-z ) ( -z ) 


( P ,m ,z+l)] + -i~ 


00 oo 

If 

o o 


da 1 da^ 


16tc ( a^+a^) ■ 


np p p 

ex p f 5-rs; p ] 




r'f 2-a) 


x 


(7.18) 
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Substituting for I (p 2 ,m 2 ,z) and after a little algebra, we 
obtain, 


B (p^z) 

O » 


— r(2-*> i’(i-z) 


/Z 


n.*“ 


[’- P( 2-z, 1-zj 2 5 p'Vrn 2 ) 


m 


+ — 3 P ( 2— Z , 1—3 j 3 I P /m ) 


(1+z) z F (2-z, l-z» 4; p 2 /^) 

6 m 


- P( -z, 2-z ; 3 5 p 2 / ffi2 ) J 


(7.19) 


Now from expressions (7.3) and (7.7) we get. 


Z s (p 2 ) 


= i Ag(p^) + m B g (p 2 ) 


( 7 . 20 ) 


where , 


and 


A q .(p 2 ) = 


Bo.(P 2 ) 


x 

2-n;i 


1 

2iti 


n a+in£ 


, dz r(L-z) (-f 2 ) Z A (p*,z) 
a-rlpo 


a+ico Q n 

f dz f( -z) (-f 2 ) B (p c ,z) 

Vice g 

0 <Ca4l (7.21) 


A (p 2 ,z) and B g (p 2 ,z) 


whe re , 
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are given by Eq. (7.14) and (7*19). 

folding the contour o nolo sing real axis and consider- 
ing the leading contribution to A^Ap 2 ) and B,. (p 2 ) from 

o o 

the double pole at z = 1, '•.•e get 


a 6 (p‘) 


-2%1 (^Res. of integrand in Eq. (7.21) at z 

J. £. 7 2- z l i (_ fV/16x 2 ) Z 


1 ) 


x [- F ( 2 -z ; 1 — z 5 2 | p 2 /m 2 ) 
nr z 


+ 


F ( ?-z, 1-z ; 3; p 2 /m 2 ) 
vo 


- (l+z) P( 2-Z, 1-Z; 4 5 P / vn - ) 

3nT 


- 2. P (1-Z, — Z ; 2; p 2 /m 2 ) 


+ i±| p (1-z, -Z; 3; pVm^) 


— P(-z, 2-z; 3; p 2 /ci 2 )] | 

2z z=l 


( 7 . 22 ),. 


1 / mf ^ 2 , 4rc 1 £_ _ 5 

2 ln ° 


rf L 2 m 2 ~ 2 o 


_ 1 V ( — ) 2 

4 T v 4'/t ; 


1 El - 5 

2 2 2 
m 
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where the function ^(x) is given 


by 


9i (x) = (l-x) - 8x - 2 + tea in (1-x) 


2x 


+ 5 . x | 23 , 1_ 
+ 4 X + T + 2x 


(7.25) 


Similarly, 

B g (p 2 ) 


- T C fl> 2 7 J 2 (P 2 /^ 2 ) (7.24) 

where , 

= 2 ( I+ *,K !■:£ . ) . in (l-x) + | x + 5 (7.25) 

Finally , 

(6m),. = m[ A .,( m 2 ) + B (m 2 )] 

& O 


= ■~27ii j^Res . of Integrand in (7.21), at z 


1 I 
/ 


1 (M)2 x | 2 &_ _ | 

2 Mis' xn mf ! 2 x 

L m J 

_ 3x ( af)2rx2E! . 3.1 

4 W ) m 2 1 ! 


/ mf \ 2 r - -1 „ 4 tc , 
= m (jr) L-3 In — x + 


9 15. i 

o Y " ] 


(7.26) 


'4it / L " “ mf * 2 
Note: The contour in Eq. (7.3) has been shifted to the left 

to secure convergence of the k- integration and then 
shifted hack to the region 0 0 Re z < 1. 



VIII. CALCULATION 0? t; + - u° KASb LIl’PEEEIiCB 


As an application of the theory, here we present 
calculation of % + -n° mass difference to lowest order in 
coupling constant e. Proceeding as in Sec. II, 
conformal invariant Lagrangian for a charged scaler field 
^ and a neutral scalar field can he written as, 

= # | + t { + | 0 ° - pf*'! exp ( -2fa( x) ) 

- \ p 2 ^ 02 exp (-2fo(x)) - | ^ + \ 

X exp (-2ftr(x)) (8.1) 


where , 

b p = d p!? + f v t + 1 e 

and D$° = Sp|° + f V§° 

Applying the transformation, 
ip = 5i exp ( fa(x) ) 
and = p° exp (fc(x)) 

the Lagrangian (8.1) becomes, 

U L + L ptn + 11 

i— 1 — o em 


( 8 . 2 ) 


(8.3) 


(8.4) 


where, 
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Lo Wgbfi + | | ^ + a^c 


L 


- |i (p 0' 


.12;°: 
2 ^ ± 1 


em 


-le [c| 5^cb - o^ + .^] A exp ( 2fa( x) ) 

M' 


+ e 


c - 


2 + 

e <5 $ a!J ’ 4. e *p ( 2f a (:•-)) 

^ ! ^§ + ^p§^ ex P ^ 2fcr ) - 1) + 2f[d M £ + <| 


+ $ + b^| ] exp (2fa) + 4f 2 <^cj 5> + <| exp(2fa) 

+ C5 11 exp (2fa) + 2f 2 ^)^a 

x exp ( 2f a ) + ~&Pg ^ a [exp (2fa)-l] 

(8.5) 

where normal ordering for the above lagrangian is understood. 

The lowest order contribution toyjT(p) [see Fig. 7j 
is given by, 



Fig. 7; Diagram for self energy of Pion. Here 
the solid lines represents the charged 
pion. 
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n cp) ~i 




A p (x) - i 


ip 


4 


M- x 


- ] e 


ip-x 


u 


iAp ( X ) ^ 


■±e 2 fe 4 x [- 2 ip„-'^- + ^JL-Ajx) 


a A 




p 2 A ? (x)] o ip ' x D p (x) exp ( 4f 2 X' p ( x) ) (8.6) 


where , 


A ;p (x) 


f ,4 


d k g - — g exp (-ilex) (8.7) 


( 2tc ) 4 J (2 n) 4 ^ 2 -p 2 +is 


and D p (x) is given by Eq. (3.2). 

Since , ^ 

E-pi ( x ) exp (4f^D p (x)) 


p y (4f 2 ) 3 n+1 

<-t\ /„\\ _ r tx /„uD+i 


n=o 


■ 2 ) n 
— [^)V 


1 


r cc+i£>b 


2'ji 1 J 


a-iW 


dz ( -4f 2 ) Z "P ( -z) [D p (x)] Z+1 (8.8) 

-l(a^O 


(by Somme rf^eld-Wat son transformation) 

using expressions for A> p (x), D p and Gelfand and Shilov 
formula (3.5), and performing x-integration and the trivial 
momentum integration, we get, 

ra+iCb„ 


FS(p) = 2^r 


r 1 r<-> ntp.-> 

Ja-iOQ ’* 


(8.9) 
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where 


= v») (4P 2 -4p.k + k 2 j 


and .where 


( 2r)^ (p-k) 2 -m 2 +ie 


( 8 . 10 ) 


5 * 2 ( 2 ) 


= ie2 (4n)- 2z ( -4f 2 ) Z 


( 8 . 11 ) 


Using a— parametric representation, we get, 

CA Of} 

n-(p, n = -p 2 (n j ^ da 2 J^r 

xexp [a x |(p-k) 2 -n 2 l + a 2 k 2 J 


a. 


— z 


ra-z) 


x[4p 2 - 4p.k + k 2 ] 




i’ 2 (s) 


06 co 


da.^ da 2 


2 j ^ ...... n 2 exp 4 x * ~r 


16ti 0 0 ( a q +a 2 ) 

[4p ? -4p 2 


c a i a 2 2 21 

4 — — p -a,nTJ. 


1 ( a l +a 2^ 


P(l-2) 


ci+a 0 a, + a 0 

j. 2 12 


J 


(a 1 +a 2 ) 


2 P J 


( 8 . 12 ) 


where in obtaining the last form we have used Eq. (3.20), 
(3.28) and (4.16) after performing k-integration by redefi- 
nition, 


M- 




a. 


\x a i + a 2 ^ 


(8.13) 
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iiq. (8.12) can be written in terms of the integrals 

T / 2 2 % 

I(p ? IQ , z) i.e. 



2 2 

Expression (3.26) for l(p ,m , z) and the value of the inte- 
gral in the last term from Appendix B can be substituted in 
the above equation, leading to, 


B(P, a) = * 2 V(-z) P(l-z) (-4f 2 ) z 

I6it 

2 

'„(m 2 ) Z+1 [ ^F(l-z, -z,- 2 5 p 2 /m 2 ) 
nr 

2 

- (l+z) F(l-z , -3; 3; p 2 /m 2 ) 

#2 P 2 

+ -£-5 (l+z) (2+z) F ( 1— z , — z ; 4} P /m ) 

6m 

2 2 

+ 2F fl-z, 1-zj 3; p /m )] 


(8.15) 
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rf(p) given as the contour integral of p(p,z) and can "be 
evaluated "by folding the contour back to enclose the real- 
axis. Considering only the leading terms , 


pf(p) - -2ui [Res. of Integrand in Eq. (8.9)| 2 _q ^ 


i2 m 2 4-r- f2 ~ 2 


16tc‘ 


dz «■( - i “%) Z ^(l-s)p h(p,z)J, 
4 71 L J 


'z=0 
(8.16) 

where h(p,z) is the expression in square brackets in Eq.(8.15) 


a 


4u \ ^ + ?) ln 

m 


2 „2 

m f 


3y (f £ p + 2) 
^ m 


- ^ ( p 2 /m 2 ) ] 


(8.17) 


where 


-5x __ 8x+l 

S (x) = (l-x) “s In (1-x) 

3x^ 


il x _ IV + _1 

g 6 3x 


(8.18) 


This gives, 


8|i' 


a 

4tc ^ 


2 r 11 


m ( 


4 it 

2.2 

m f 


) - 11 Y + 


12 

18 


The numerical value of 7t + - tc° mass difference using the 
value of minor coupling constant f given by Eq. (2.44) 
comes 13.6 Me V which is much higher than the experimental 
value 4.6 Me Y. We have considered only the minimal electro- 
magnetic interactions of pions and have neglected strong 
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interaction effects. The cut-off provided by the scalar 
gravity is very high 5 however strong interactions are 
expected to provide an effective cut off at a smaller value 
which will reduce the 1."^ - mass difference. 



IX. CONCLUDING EEMAEK3 


In the previous sections we have seen, that scalar 
gravity plays a regularizing role for electromagnetic 
interactions? the inverse of minor coupling constant provides 
the ultraviolet cut-off. Some advantages of this regulari- 
zation procedure are as follows. 

(1) Our prescription is not an adhoc one but has a general 
principle behind it, namely conformal invariance, which is 
more appealing and beautiful than any afihoc prescription. 

(2) Our regularization method is universal since any 
Poincare invariant Lagrangian can be turned into a conformal 
invariant one by a well defined procedure. Thus, we can 
apply this method to other field theories also lhce the 
Yukawa, interaction and the four fermion interaction. 

The Yang-Mills theories appear to be an exception 
since they are already conformal invariant (i.e-. without the 
introduction of c-field) if one uses canonical scale dimension 
However, there is no compulsion to use canonical scale dimen- 
sions. In fact, in Section II, the fields obtained after 
the field transformation have non-canonicsl scale dimensions. 
Now if we take non-canonical weights for Yang-Mills fields. 
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exponentials of the field c(x) will have to he introduced 
with kinetic energy terms and interaction terms and we shall 
have the theory regularized. 

(3) Our prescription is much simpler than the tensor 
gravity in which calculations are very complicated. 
Moreover, tensor gravity has its own divergence problems, 
whereas in our scheme, the theory is finite including all 
effects of gravity in all orders. 

(4) Bince our theory has in-built conformal invariance, 
hence the amplitudes are expected to have scaling properties 
which are observed experimentally. 

It should be interesting to study the implications 
of the present model at high energies. For the time bexng 
we have postponed it for future investigations. 



ijppEjrmx a 


In this Appendix we present p^oof of Equations (2.22) 


and ( 2.25). We have , 
W)'(x' ) = jdet 

~b ft' ( x 1 ) _ bx^ 

^x'^ ~~ >)X^ 


, $A> /4 

) D(A(x)) f‘(x) (A.l) 

J ^ B(A(x)j D" 1 ^ B^j 

(A. 2) 


where , 


J 


det 


1 ~ 1/4 

> x 1 


(A.3) 


low B 1 ^ D can be expressed as linear combination of the 
generators of the group: 


T — 1 -n 1,P cr 

E ^ D = k u 

s po 

( A. 4 ) 

to * 

II 

H 

! 

t 

PO 

( A* 5 ) 

tF 

Q 

*i-p 

II 

H- 

Co 

«<* “ S o s py ^ 

( A. 6 ) 

Tr <^ V ' = 

: s Af " g p? g n?\ ^ 

(A.7) 

TrfA'^A ^p), 1 

= 41c ^,PA 

(A. 8) 


where , 
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Wow let. 


> 

II 

(A. 9) 

whe re , 


# ^ 

* 

(A. 10) 

So, 


A _1 ^A = J _1 A -1 (AV J + J ?t-j a) 

(A. 11) 

= J" 1 2>* J + A -1 Bv A 

(A. 11) 

/,-l\ , \ a / A -1 \ a ^ , y d x a "b 2 x ' ^ 

U d^Ajg - (A ) A, A' - y . s 

^ Y P ^x'Y> x v )ix H 

(A. 12) 

Now using Equations (A. 5) and (A. 8), wo have 



= Tr (A"\ a tp> ) 

= Tr U -1 <)„ A t px ) 

= (A Sy A) ^ 

= r[-(A 1 J v + (A A;^p J 

■ r ax tt a 2 *^ 

■ 1l ' SciA a x ' r ax l, a x f “p srv ax" sr 


Wow for special conformal transformations, 



1 Js_ 

2 ^ ^ 


* log J(x, 


P) 


(A. 14) 


1+2)3. x + p 2 x 2 
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Similarly, 


x 1 


M- 


- |J>V 2 

1-2 (3. x' + i3 2 x* ^ 


1 J(x' , p) 

2 


After straightforward calculation and some simplifies 
one obtains, 


^ x |i x /<T(x, P) x ^J(x j3) ^J(x, |3) 

“2 ^ * >(3 f 

'5 2 x ,P . = 1 /(log J(x, g)J 

'^x^x 0 2 'hx v ^x a 

2 T 

1 r 1 il 1- J A J . 1 b 

2 L J 3 hx a J 2 ^x v bx° 

JLlL >j2j - J, -i/, 

X d?P " J 2 J 2 ** 

d 2 J 1 d 2 J ] 

X ^X ff ^Pp J <)X^ ^!X° ^Po 

Then after some straightforward calculation and some 
simplification, we get, 


a£_ 

£>X ,( ° 


a 2 x'fi 

bx° 



21. 

“dx 

r 


- 6ft 


3J 

v of 
c>x 


- 6* 1 -Si 

o ax 1 ' 


Now Eq. ( A.4) becomes, 


-1 r i o ( -£iL _ S P ibL) 

D 1 U = “ 2J c)Xp 


V W 


= “ j Sv > axp 


Sj = i Sj,p /log J 


(A. 15) 

tion 


(A. 16) 


(A. 17) 


] (A. IB) 


(A.19) 
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Equation (A, 2) then becomes, 
g)^ 1 (x» ) dx v " ^ 

fc x ! ^ ~ 77? J Ji( A (x) ) c ^ - < H g»p -is^ 

<b x^ I by' \^/' 4 
= IT? ! det bt I B(A(x)) [^/- + 

4 ^ - i S^p ) .^^ ( log | det J ) ^ J 

ITow to prove Eq. (2.25), we proceed as follows, 


A^f (x) 

V ,(x,) 


( X ) “ f( ^ g. 


pv 


- 4 v )( ^ o) ^ 


2>x y 


>x 


det 


0 x’ 
S x 


^/4 


D( A ( X ) ) [ + 



- i S.jp 



log 



o' ( x 1 ) = o(x) + iy log j det 

(7o)’(x') = g a ( &a) ’ (x' ) 


c) 


= g 


■ a ^4t*r + Ti V oe Htrl 


)/jj 


( A. 20 ) 


Therefore , 
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(Adj)’(x') = 




P /A 


det B x I L(A) [ $ y </> + 


Now, noting, 


1-1 V B 


4: ■ if B\)p - ia-»p ) 3 ' log nn 1 1^1 j 
-f - 13 ) / a >** 




* [ V + ri a i3 los ( det wl ] 

Ii( A .( 7 .) ) ^( x ) 


4 (det^ '^ /4 
' C x 


~ £jj.a ^Vj3 11 ^ ^ D 

- e « A a A 13 g y 

~ g |aa g vp n Y A p 0 


and simplifying we get the desired relation, 

(H^-D/4 v 


(A^p'ix') = det 


A^(x) D(A(x)) 
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APPENDIX E 


In this appendix, we present a calculation of the 
integral occuring in Eg. (/l3)» 

<S£> 


R(p, z) = /da., J da 


1 


-| x/ 2 

0 0 


(«i + a 2 )- 


P a l a 2 2 „ „2 1 „ -z 

X exp [ p “ o^m ] a 2 


(B.l) 


Let. 


oh = 1/x , <*; 


i/y' 


da^ ^ a 2 


dx dy 
-x. J 


(B.2) 

(B .3 ) 


We have , 


O* OC 


E(p, z) =4 J J dx d y 
o o 


(y 2 ) z 


(x 2 +y 2 ) 3 


a exp (p 2 /(x 2 +y 2 ) - m /x ) 


2 /„ 2 ■ 


(B.4) 


Now let 


x = r cos 9 


dx dy = Y" d© dy 


y 


= y sin 9 


(B.5) 

(B.6) 


This gives, 
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00 


R(p,z) = 4 | j 


?/ 2 


o o 


dr d© * 2z+1 cos 3 G sin 3 9 


*( sin 2 G) z exp ( ~ (p 2 


Let 


m 


cos 2 © 


)] (E. 7 ) 


1/' 






u 


- 3/2 


du 


so that 


00 


J 


dr r 2z+1 exp [ ^ (p 2 -m 2 /cos 2 ©)] 

Oo r 

= ^ ^ du u z 2 exp [ (p 2 -m 2 cos 2 ©XL J 

o 


= i ( 
2 v 


m 


cos 2 9 


_ p 2)Z+l -p (_ 1 _ z) ( B .s) 


Therefore, 

R ( p , z) 


tc/2 


= 2 ft-l-z) j* dG cos 3 0 sin^ © (sin 2 ©) 2 


t 2 r ,\ — z— 1 / 2 \ 2+1 

x ( cos 9 ) (m ) 


m 


[l - 4 “s 2 e ] z+1 
(B. 9 ) 


Writing cos © = x 


so that, 


•2sin© cos © = dx 



then , 


2) = J dx x 2 (l-x ) 2+1 [i_ sl x ] z+1 

o m 2 

x(m 2 ) z+1 H-l-z) 

= (m 2 ) z+1 r<-i- z ) hnnlJi+n 

T(3) 
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